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ABELIAN E´TALE COVERINGS OF GENERIC CURVES
AND ORDINARINESS OF DORMANT OPERS
YASUHIRO WAKABAYASHI
Abstract. In the present paper, we introduce and study a certain ordinar-
iness of GLn-do’pers (= dormant GLn-opers) on a pointed proper smooth
algebraic curve, which may be thought of as a generalization of the classical
ordinariness of algebraic curves in positive characteristic. We consider an
analogy of a type of assertion discussed and proved by S. Nakajima and M.
Raynaud, i.e., ordinariness of GLn-do’pers pulled-back via abelian coverings
of the underlying curve. The main results of the present paper consist of
the following two assertions: the first is that if the GLn-do’per pulled-back
via an e´tale covering is ordinary, then the original GLn-do’per is ordinary;
the second is that if a given GLn-do’per is ordinary and its underlying curve
is sufficiently general, then the pull-back of this GLn-do’per via an abelian
covering is ordinary whenever its Galois group has the order prime to the
characteristic of the base field.
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Introduction
0.1. In the present paper, we introduce and study a certain ordinariness of
GLn-do’pers (= dormant GLn-opers) on a pointed proper smooth (or more
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generally, stable) algebraic curve, which may be thought of as a generalization
of the classical ordinariness of algebraic curves in positive characteristic (i.e.,
the p-rank of its jacobian is maximal).
Recall (cf. Definition 2.1.1 (i)) that a GLn-oper on an algebraic curve is, by
definition, a triple F♥ := (F ,∇F , {F
j}nj=0) consisting of a rank n vector bundle
F on the curve, a(n) (integrable) connection ∇F on F , and a complete flag
{F j}nj=0 on F satisfying certain conditions. GLn-opers on a family of pointed
stable curves of arbitrary characteristic were defined and discussed in [23] (or,
in [24]). But, various properties of opers in the case where n = 2 were originally
discussed, under the name of indigenous bundles, in the context of the p-adic
Teichmu¨ller theory developed by S. Mochizuki (cf. [13] and [14]). Also, opers
defined on a proper smooth curve over the field of complex numbers C or
a formal disc over C were introduced and studied in the work of geometric
Langlands program by A. Beilinson and V. Drinfeld (cf. [2] and [3]). Thus,
opers play a central role in integrable systems and representation theory of
loop algebras. If the underlying curve has characteristic p > 0, then it makes
sense to speak of GLn-opers with vanishing p-curvature, which we refer to as
dormant GLn-opers or GLn-do’pers for short (cf. Definition 2.1.2). GLn-do’pers
and their moduli occur naturally in mathematics, as discussed in, e.g., [7], [21],
and [23]. Thus, a much more understanding of them will be of use in various
areas relevant to the theory of opers in positive characteristic.
0.2. As declared at the beginning of Introduction, the property on GLn-do’pers
which we want to focus on is ordinariness (cf. Definition 2.2.1). The condition
of being “ordinary” may be described in terms of certain complexes of sheave
obtained from the adjoint bundles associated with GLn-do’pers. The precise
definition of ordinariness, as well as ⊛-ordinariness, of GLn-do’pers will be
given in Definition 2.2.1. In the case where n = 1, the ordinariness of GL1-
do’pers is equivalent to the classical ordinariness of their underlying curves (cf.
the discussion in § 2.4, especially, Proposition 2.4.1). Hence, from this point
of view, the ordinariness of GLn-do’pers may be thought of as a higher rank
analogue of the classical ordinariness.
Here, we focus our attention on the relation between the ordinariness and
coverings of the curve. Let us review an assertion proved by S. Nakajima
and M. Raynaud (cf. [15], [19], and [4]) as follows. Let Y → X be a Galois
covering of connected proper smooth (hyperbolic) curves with Galois group
G. Suppose that X is general (in the sense described in Theorem B below)
and the finite group G is either abelian or a central extension of two abelian
groups with (♯(G), g!) = 1. Then, it follows from [15], Theorem 2, and [19],
THE´ORE`ME 14, that Y is ordinary. (See also [19], THE´ORE`ME 2 and [4]
for the other assertions concerning the relation between the ordinariness and
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Galois coverings.) In the present paper, we consider an analogy of such a type
of assertion for ordinariness of GLn-do’pers pulled-back via abelian coverings.
0.3. Let us describe the main results of the present paper. Let p be a prime,
n a positive integer with n < p, (g, r) a pair of nonnegative integers with
2g − 2 + r > 0, and k an algebraically closed field of characteristic p. Also,
let X := (X, {σi}
r
i=1) be a pointed proper smooth curve of type (g, r) over
k, that is to say, a geometrically connected, proper, and smooth curve X of
genus g over k together with r marked points {σi}
r
i=1 in X . Suppose that we
are given a GLn-do’per F
♥ := (F ,∇F , {F
j}ji=1) on X and an e´tale covering
(Y, w : Y → X) of X over k (cf. Definition 1.6.1 (i) for the definition of an
e´tale covering of a curve), where Y denotes another pointed proper smooth
curve over k whose underlying curve is Y . By pulling-back the data in F♥
via w, one obtains a GLn-oper w
∗(F)♥ on Y. The goal of the present paper
is to prove the following two assertions concerning the relation between the
ordinariness of F♥ and the ordinariness of its pull-back w∗(F)♥.
Theorem A.
Suppose that the pull-back w∗(F)♥ is ordinary. Then F♥ is ordinary.
Theorem B.
Suppose the following conditions:
(i) F♥ is ordinary;
(ii) (Y, w) is an abelian covering with p ∤ ♯(Gal(Y/X)) (cf. Definition 1.6.1
(i) and (ii));
(iii) X is general in the moduli stack Mg,r classifying pointed proper smooth
curves of type (g, r) over k.
(Here, we recall that Mg,r is irreducible (cf. [5], § 5); thus, it makes sense to
speak of a “general” X, i.e., an X that determines a point of Mg,r lying outside
some fixed closed substack.) Then, the pull-back w∗(F)♥ is ordinary.
0.4. In the final section of the present paper, we shall also consider, as a
generalization of the ordinariness of GLn-do’pers, a certain ordinariness of g-
do’pers (= dormant g-oper) for a general semisimple Lie algebra g. It is a
key observation (cf. Proposition 2.5.1) that the ⊛-ordinariness of GLn-do’pers
corresponds exactly the unramifiedness of the moduli stack Op
Zzz...
GLn,g,r (cf. § 2.5,
(48)) of GLn-do’pers (which is isomorphic to the moduli stack Op
Zzz...
sln,g,r
of sln-
do’pers) at the classifying points. Thus, by taking account of this observation,
one may generalize the notion of ordinariness to the case of g-do’pers (i.e., the
⊛g-ordinariness defined in Definition 5.1.1) in terms of such a local property
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applied to the moduli stack Op
Zzz...
g,g,r of g-do’pers. If g satisfies a certain condi-
tion, which we refer to as being admissibly of classical type A (cf. Definition
5.1.2), then there exists a closed immersion Op
Zzz...
g,g,r → Op
Zzz...
slm,g,r for a sufficiently
large m. This morphism allow us to relate the (⊛-)ordinariness of GLm-do’pers
with the ⊛g-ordinariness (cf. Proposition 5.1.3 and Theorem 5.2.2). Moreover,
for such a g, we obtain (cf. Theorem 5.1.4) an assertion which may be thought
of as a generalization of Theorem B.
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1. Preliminaries
First, we shall introduce our notation and review some topics involved (e.g.,
integrable vector bundles on log-curves, Cartier operators, and ordinariness of
algebraic curves in positive characteristic). A log scheme means, in the present
paper, a scheme equipped with a logarithmic structure in the sense of Fontaine-
Illusie (cf. [10], (1.2)). For a log scheme (resp., a morphism of log schemes)
indicated, say, by the notation “X log” (resp., “f log”), we shall use the notation
“X” (resp., “f”) for indicating the underlying scheme (resp., the underlying
morphism of schemes). Throughout the present paper, we fix a prime p and
an algebraically closed field k of characteristic p > 0.
1.1. Recall from [1], Definition 4.5, the definition of a log-curve as follows.
Definition 1.1.1.
A log-curve is a log smooth integrable morphism f log : X log → S log of fs
log schemes such that the geometric fibers of the underlying morphism f :
X → S are reduced connected 1-dimensional schemes. If T log is an arbitrary
log scheme, then we shall mean, by a log-curve over T log, a log scheme
Y log over T log which is isomorphic to X log ×f log,Slog T
log for some log-curve
f log : X log → S log and some morphism T log → S log of log schemes. (If ΩY log/T log
denotes the sheaf of logarithmic 1-forms on Y log relative to T log, then it is a
line bundle and admits a universal log derivation d : OY → ΩY log/T log .)
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Also, let us recall (families of) pointed stable curves and log-curves associated
with them, as follows. Let (g, r) be a pair of nonnegative integers with 2g −
2+ r > 0. Denote by Mg,r the moduli stack of r-pointed stable curves (cf. [12],
Definition 1.1) over k of genus g (where we shall refer to such pointed stable
curves as being of type (g, r)), and by ftau : Cg,r → Mg,r the tautological
curve over Mg,r, with its r marked points σtau,1, · · · , σtau,r : Mg,r → Cg,r. Recall
(cf. [12], Corollary 2.6 and Theorem 2.7; [5], § 5) that Mg,r may be represented
by a geometrically connected, proper, and smooth Deligne-Mumford stack over
k of dimension 3g − 3 + r. Also, recall (cf. [9], Theorem 4.5) that Mg,r has
a natural log structure given by the divisor at infinity, where we shall denote
the resulting log stack by M
log
g,r. Moreover, we obtain a log structure on Cg,r
by taking the divisor which is the union of the σtau,i’s and the pull-back of the
divisor at infinity of Mg,r (resp., the divisor defined as the pull-back of the
divisor at infinity of Mg,r); let us denote the resulting log stack by C
log
g,r (resp.,
Clog
′
g,r ). ftau : Cg,r → Mg,r extends naturally to a morphism f
log
tau : C
log
g,r → M
log
g,r
(resp., f log
′
tau : C
log′
g,r → M
log
g,r) of log stacks. Let Mg,r denotes the substack of
Mg,r classifying pointed proper smooth curves; it is a dense open substack of
Mg,r and coincides with the locus in which the log structure of M
log
g,r becomes
trivial.
Let us fix a scheme S over k and a pointed stable curve
(1) X := (f : X → S, {σi : S → X}
r
i=1)
over S of type (g, r), which consists of a (proper) semistable curve f : X → S
over S of genus g and r marked points σi : S → X (i = 1, · · · , r). By
pulling-back the log structures of M
log
g,r and C
log
g,r (resp., C
log′
g,r ) via its classifying
morphism, we obtain log structures on S and X respectively; we denote the
resulting log stacks by
SX-log and XX-log (resp., XX-log
′
).(2)
If there is no fear of confusion, we shall abbreviate them to S log and X log (resp.,
X log
′
) respectively. The structure morphism f : X → S extends to a morphism
f log : X log → S log (resp., f log
′
: X log
′
→ S log) of log schemes, by which the log
scheme X log (resp., X log
′
) becomes a log-curve over S log. If, moreover, the
underlying scheme X is smooth over S, then SX-log = S.
Denote by DX the e´tale effective relative divisor on X relative to S de-
fined to be the union of the image of the marked points σi (i = 1, · · · , r).
If ωX/S denotes the dualizing sheaf of X over S, then ωX/S is isomorphic to
ΩXlog/Slog(−DX) (= ΩXlog′/Slog).
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1.2. Let S log be a log scheme and f log : X log → S log a log-curve over S log, and
F a rank n (≥ 0) vector bundle (i.e., a locally free coherent sheaf of finite rank)
on X . By an S-log connection on F , we mean an f−1(OS)-linear morphism
(3) ∇ : F → ΩXlog/Slog ⊗ F
satisfying the condition that
(4) ∇(a ·m) = d(a)⊗m+ a · ∇(m)
for any local sections a ∈ OX , m ∈ F .
An integrable vector bundle on X log/S log (of rank n) is a pair (F ,∇F)
consisting of a vector bundle F onX (of rank n) and an S-log connection∇F on
F . (Note that since ΩXlog/Slog is a line bundle, any S-log connection on a vector
bundle is automatically integrable, i.e., has vanishing curvature.) If, moreover,
F is of rank 1, then we shall refer to (F ,∇F) as an integrable line bundle
on X log/S log. For simplicity, we shall refer to an integral vector bundle on
XX-log/SX-log (where X denotes a pointed stable curve whose underlying curve
coincides with X) as an integrable vector bundle on X.
Let (F ,∇F) and (G,∇G) be an integrable vector bundles on X
log/S log. We
shall write ∇F ⊗ ∇G (by abuse of notation) for the S-log connection on the
tensor product F ⊗ G determined by
(5) (∇F ⊗∇G)(a⊗ b) = ∇F(a)⊗ b+ a⊗∇G(b).
for any local sections a ∈ F and b ∈ G. Also, we define an isomorphism
of integrable vector bundles from (F ,∇F) to (G,∇G) is an isomorphism
F
∼
→ G of vector bundles that is compatible with the respective connections
∇F and ∇G .
Next, suppose that we are given an integrable vector bundle (F ,∇F) on
X log/S log and a commutative square diagram
Y log
wlog
//

X log

T log // S log
(6)
of log schemes, where T log denotes a log scheme over k and Y log denotes a log-
curve over T log. (Hence, we have a morphism w♯ : w−1(ΩXlog/Slog)→ ΩY log/T log
induced by w.) One may obtain a T -log connection
∇w∗(F) : w
∗(F)→ ΩY log/T log ⊗ w
∗(F)(7)
on the pull-back w∗(F) (= OY ⊗w−1(OX) w
−1(F)) given by assigning
a⊗ v 7→ d(a)⊗ v + a · (w♯ ⊗ idw−1(F))(w
−1(∇F)(v))(8)
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for any local sections a ∈ OY , v ∈ w
−1(F). Thus, we have an integrable vector
bundle
(w∗(F),∇w∗(F))(9)
on Y log/T log.
1.3. In the rest of this section, we fix a scheme S over k and a pointed stable
curve X := (f : X → S, {σi}
r
i=1) over S of type (g, r) (hence, we have a log-
curve X log/S log := XX-log/SX-log). Denote by FS : S → S (resp., FX : X → X)
the absolute Frobenius morphism of S (resp., X). The Frobenius twist of X
over S is, by definition, the base-change X
(1)
S (:= X ×S,FS S) of f : X → S
via FS : S → S. Denote by f
(1) : X
(1)
S → S the structure morphism of the
Frobenius twist of X over S. The relative Frobenius morphism of X over S
is the unique morphism FX/S : X → X
(1)
S over S that fits into a commutative
diagram of the form
X
FX
++❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱
f

❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
FX/S
&&◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
X
(1)
S idX×FS
//
f(1)

✷
X
f

S
FS
// S.
(10)
If we write
(11) σ
(1)
i := (σi ◦ FS, idS) : S → X ×S,FS S (= X
(1)
S )
(for each i ∈ {1, · · · , r}), then the collection of data
(12) X(1) := (f (1) : X
(1)
S → S, {σ
(1)
i }
r
i=1)
forms a pointed stable curve over S of type (g, r). In particular, we obtain
canonically a log structure on X
(1)
S .
If Y := (Y/S, {σ′i}
r′
i ) is a pointed stable curve over S (of type (g
′, r′) for
some pair (g′, r′)) and w : Y → X is a morphism over S, then we shall denote
by w(1) : Y
(1)
S → X
(1)
S the base-change of w via FS : Spec(S)→ Spec(S).
1.4. In this subsection, we shall recall the Cartier operator associated with
an integrable vector bundle. Let (F ,∇F) be an integrable vector bundle on
X with vanishing p-curvature (cf. [23], Definition 3.2.1, for the definition of
p-curvature). Although ∇F is not OX-linear, but it may be thought, via the
underlying homeomorphism of FX/S , of as an OX(1)S
-linear morphism
(13) FX/S∗(∇F) : FX/S∗(F)→ FX/S∗(ΩXlog/Slog ⊗F).
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In particular, both FX/S∗(Ker(∇F)) (= Ker(FX/S∗(∇F))) and FX/S∗(Coker(∇F))
(= Coker(FX/S∗(∇F ))) may be thought of as OX(1)S
-modules.
The Cartier operator (cf. [16], Proposition 1.2.4) associated with (F ,∇F) is,
by definition, a unique O
X
(1)
S
-linear morphism
(14) C(F ,∇F ) : FX/S∗(ΩXlog/Slog ⊗ F)→ ΩX(1)logS /Slog
⊗ FX/S∗(F)
satisfying the following condition: for any locally defined logarithmic derivation
∂ ∈ TXlog/Slog and any local section a ∈ ΩXlog/Slog ⊗ F , the equality
(15) 〈C(F ,∇F )(a), (idX × FS)
∗(∂)〉 = 〈a, ∂[p]〉 − ∇F (∂)
◦(p−1)(〈a, ∂〉)
is satisfied, where ∇F (∂)
◦(p−1) denotes the (p − 1)-st iterate of the endomor-
phism ∇F(∂) of F , and 〈−,−〉 in the both sides denote the pairings induced
by the natural pairing ΩXlog/Slog × TXlog/Slog → OX . Moreover, since (F ,∇F)
has vanishing p-curvature, there exists (cf. [16], the discussion following Propo-
sition 1.2.4) a commutative square
(16)
FX/S∗(ΩXlog/Slog ⊗F)
C(F,∇F )
−−−−−→ Ω
X
(1)log
S /S
log ⊗ FX/S∗(F)y x
FX/S∗(Coker(∇F))
C
(F,∇F )
−−−−−→ Ω
X
(1)log
S /S
log ⊗ FX/S∗(Ker(∇F)),
where the left-hand and right-hand vertical arrows denote theO
X
(1)
S
-linear mor-
phisms induced by the quotient ΩXlog/Slog ⊗F ։ Coker(∇F) and the inclusion
Ker(∇F) →֒ F respectively. Finally, it follows from [17], Theorem 3.1.1, that
the morphism C
(F ,∇F )
(i.e., the lower horizontal arrow in (16)) is an isomor-
phism. (Here, we note that since X log/S log is of Cartier type in the sense of [10],
Definition (4.8), the notion of the exact relative Frobenius map in the statement
of [16] coincides with FX/S). Denote by d
′ : OX → ωX/S (= ΩXlog′/Slog) the
universal log derivation of X log
′
/S log. By composing C
(OX ,d)
(resp., C
(OX ,d
′)
)
with the quotient ΩXlog/Slog → Coker(d) (resp., ωX/S ։ Coker(d
′)), we obtain
an O
X
(1)
S
-linear morphism
CX/S : FX/S∗(ΩXlog/Slog)→ ΩX(1)logS /Slog
(17)
(resp., C ′X/S : FX/S∗(ωX/S)→ ωX(1)S /S
).
1.5. Let us recall the ordinariness of algebraic curves, as follows.
Definition 1.5.1.
We shall say that X is ordinary if the OS-linear morphism
(18) R1f (1)∗ (F
∗
X/S) : R
1f (1)∗ (OX(1)S
)→ R1f∗(OX) (= R1f (1)∗ (FX/S∗(OX)))
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induced from F ∗X/S : OX(1)S
→ FX/S∗(OX) is an isomorphism (cf. e.g., [4],
Definition 1.2, for the definition of the ordinariness of semistable curves over
an algebraically closed field).
It is well-known that the dual of R1f (1)∗ (F ∗X/S) coincides with
f (1)∗ (C
′
X/S) : (f
(1)
∗ (FX/S∗(ωX/S)) =) f∗(ωX/S)→ f
(1)
∗ (ωX(1)S /S
)(19)
via Grothendieck-Serre duality. In particular, X is ordinary if and only if
f
(1)
∗ (C ′X/S) is an isomorphism. Recall that the locus ofMg,r classifying ordinary
pointed stable curves is open and dense.
Proposition 1.5.2.
X is ordinary if and only if f
(1)
∗ (CX/S) : f∗(ΩXlog/Slog) → f
(1)
∗ (ΩX(1)logS /Slog
) is
an isomorphism.
Proof. It suffices to consider the case where r > 0. Consider the morphism of
short exact sequences
0 // F∗(ωX/S)
incl
//
C′
X/S

F∗(ΩXlog/Slog) //
CX/S

⊕r
i=1 F∗(σ
(1)
i∗ (OS)) //
⊕
id

0
0 // ω
X
(1)
S /S
incl
// Ω
X
(1)log
S /S
log
//
⊕r
i=1 σi∗(OS)
// 0.
(20)
By taking the higher direct images via f (1), (20) gives rise to a morphism of
complexes
0 //
id

f∗(ωX/S) //
f
(1)
∗ (C
′
X/S
)

f∗(ΩXlog/Slog) //
f
(1)
∗ (CX/S)

O⊕rS
//
id

R1f∗(ωX/S) //
R1f(1)∗ (C′X/S)

0
id

0 // f
(1)
∗ (ωX(1)S /S
) // f
(1)
∗ (ΩX(1)logS /Slog
) // O⊕rS
// R1f (1)∗ (ωX(1)S /S
) // 0.
(21)
But, the morphism
R1f (1)∗ (C
′) : R1f∗(ωX/S)→ R1f (1)∗ (ωX(1)S /S
)(22)
(i.e., the second vertical arrow from the right in (21)) is an isomorphism since
it coincides, by Grothendieck-Serre duality, with the dual of the identity mor-
phism of OS. Hence, by the five lemma, f
(1)
∗ (CX/S) is an isomorphism if and
only if f
(1)
∗ (C ′X/S) is an isomorphism. This completes the proof of Proposition
1.5.2. 
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1.6. We shall give the definition of an e´tale covering between pointed proper
smooth curves, appeared in the statement of the main results.
Definition 1.6.1.
(i) An e´tale covering of X is a triple
(Y, w, v),(23)
where
• Y denotes a pointed stable curve Y := (Y/T, {σ′i}
r′
i=1) over a k-
scheme T (of type (g′, r′) for some pair of nonnegative integers
(g′, r′) with 2g′ − 2 + r′ > 0);
• w and v denote morphisms of k-schemes w : Y → X , v : T → S,
satisfying the following conditions:
(i-1) the square diagram
Y
w
//

X

T v
// S
(24)
is commutative, where the two vertical arrows denote the structure
morphisms of pointed stable curves;
(i-2) the morphism wv : Y → X ×S T over T induced by (24) is finite
and e´tale satisfying that (pr ◦ wv)
−1(DX) = DY, where pr denotes
the projection X ×S T → X .
(Hence, the natural morphism w∗(ΩXlog/Slog)→ ΩY log/T log is an isomor-
phism.) An e´tale covering of X over S is an e´tale covering (Y, w, v)
of X such that Y is a pointed stable curve over S and v = idS. We shall
abbreviate (Y, w, idS) to (Y, w) for simplicity.
(ii) We shall say that an e´tale covering (Y, w, v) of X (over S) is Galois
(resp., abelian) if wv is a Galois covering (resp., an abelian covering).
In this situation, we shall write
Gal(Y/X) := Gal(Y/X ×S T )(25)
and refer to it as the Galois group of (Y, w, v) over X.
(iii) Let (Y, wY ) and (Z, wZ) be an e´tale coverings of X over S (where we
denote by Y and Z the underlying semistable curves respectively). We
shall say that (Y, wY ) is isomorphic to (Z, wZ) if there exists an
isomorphism h : Y
∼
→ Z over X such that h−1(DZ) = DY. (Thus, the
isomorphism class of an e´tale covering (Y, w, idS) depends only on the
e´tale morphism w : Y → X , i.e., not on the marked points.)
Finally, we shall consider a relation between the sheaf of horizontal sections
of an integrable vector bundle and its pull-back via an e´tale covering.
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Proposition 1.6.2.
Let Y := (Y/S, {σ′i}
r′
i=1) be an e´tale covering of X and denote by w : Y → X
the structure morphism of Y over X. Let us consider the commutative square
diagram of k-schemes
Y
w
//
FY/S

X
FX/S

Y
(1)
S
w(1)
// X
(1)
S
(26)
Then, for each OX-module F , the morphism
w(1)∗(FX/S∗(F))→ FY/S∗(w
∗(F))(27)
of O
Y
(1)
S
-module induced, via adjunction, from this square diagram is an iso-
morphism and functorial in F . Moreover, if (F ,∇F) is an integrable vector
bundle on X, then the isomorphism (27) restricts to an isomorphism
w(1)∗(FX/S∗(Ker(∇F)))
∼
→ FY/S∗(Ker(∇w∗(F)))(28)
of O
Y
(1)
S
-modules.
Proof. The former assertion may be immediately verified. Indeed, the e´taleness
of w implies that the diagram (26) is cartesian, and hence, (27) is an isomor-
phism.
Next, let us consider the latter assertion. The isomorphism w∗(ΩXlog/Slog)
∼
→
ΩY log/Slog (due to the e´taleness of w) and the isomorphism (27) of the case
where F is replaced with ΩXlog/Slog ⊗ F yield a composite isomorphism
w(1)∗(FX/S∗(ΩXlog/Slog ⊗F))
∼
→ FY/S∗(w
∗(ΩXlog/Slog ⊗ F))(29)
∼
→ FY/S∗(ΩY log/Slog ⊗ w
∗(F)).
One verifies immediately that the square diagram
w(1)∗(FX/S∗(F))
w(1)∗(FX/S∗(∇F ))
−−−−−−−−−−→ w(1)∗(FX/S∗(ΩXlog/Slog ⊗F))
(27)
y≀ ≀y(29)
FY/S∗(w
∗(F))
FY/S∗(∇w∗(F))
−−−−−−−−−→ FY/S∗(ΩY log/Slog ⊗ w
∗(F))
(30)
is commutative. In particular, by taking the kernels of the upper and lower
horizontal arrows, we obtain the isomorphism (28), as desired. 
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2. GLn-do’pers and ordinariness
In this section, we shall recall the definition of a GLn-oper, as well as a
GLn-do’per (cf. Definition 2.1.1 and Definition 2.1.2), and then, introduce the
notion of (⊛-)ordinarinesses of GLn-do’pers (cf. Definition 2.2.1). Moreover,
we shall discuss several properties concerning the ordinariness. At the end of
this section, the proof of Theorem A, being one of our main results, will be
given. In the following, we fix a positive integer n with n < p.
2.1. We first recall (cf. [23], Definition 4.2.1 and [24], Definition 4.2.1) the
definition of a GLn-oper as follows. Let S
log be a log scheme over k and
f log : X log → S log be a log-curve over S log.
Definition 2.1.1.
(i) A GLn-oper on X
log/S log is a collection of data
(31) F♥ := (F ,∇F , {F
j}nj=0),
where
• F is a vector bundle on X of rank n;
• ∇F is an S-log connection F → ΩXlog/Slog ⊗F on F ;
• {F j}nj=0 is a decreasing filtration:
(32) 0 = Fn ⊆ Fn−1 ⊆ · · · ⊆ F0 = F
on F by vector bundles on X ,
satisfying the following conditions:
(i-1) the subquotients F j/F j+1 (0 ≤ j ≤ n− 1) are line bundles;
(i-2) ∇F(F
j) ⊆ ΩXlog/Slog ⊗F
j−1 (1 ≤ j ≤ n− 1);
(i-3) the OX-linear morphisms
(33) ksj
F♥
: F j/F j+1 → ΩXlog/Slog ⊗ (F
j−1/F j)
(1 ≤ j ≤ n − 1) defined by assigning a 7→ ∇F(a) for any local
section a ∈ F j (where (−)’s denote the images in the respective
quotients), which are well-defined by virtue of the condition (i-2),
are isomorphisms.
For simplicity, we shall refer to a GLn-oper on X
X-log/SX-log (where X
denotes a pointed stable curve whose underlying curve coincides with
X) as a GLn-oper on X.
(ii) Let F♥ := (F ,∇F , {F
j}nj=0) and G
♥ := (G,∇G, {G
j}nj=0) be GLn-opers
on X log/S log. An isomorphism of GLn-opers from F
♥ to G♥ is an
isomorphism of integrable vector bundles from (F ,∇F) to (G,∇G) that
preserves the respective filtrations {F j}nj=0 and {G
j}nj=0.
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Definition 2.1.2.
We shall say that a GLn-oper F
♥ := (F ,∇F , {F
j}nj=0) is dormant if the p-
curvature of ∇F vanishes identically on X (cf. e.g., [23], Definition 3.2.1, for
the definition of p-curvature). For convenience, we shall abbreviate a “dormant
GLn-oper” to a “GLn-do’per”.
Let us consider the pull-back of a GLn-oper. Let T
log be a log scheme over
k and Y log a log-curve over T log. Suppose that we are give a GLn-oper F
♥ :=
(F ,∇F , {σi}
r
i=1) on X
log/S log and a pair (wlog, vlog) consisting of morphisms
wlog : Y log → X log, vlog : T log → S log which make the square diagram
Y log
wlog
//

X log

T log
vlog
// S log
(34)
commute and such that the induced morphism Y log → X log ×Slog T
log is log
e´tale. Write w∗(F)j := w∗(F j) (j = 0, · · · , n). Then, since wlog induces an
isomorphism w∗(ΩXlog/Slog)
∼
→ ΩY log/T log , the collection of data
(35) w∗(F)♥ := (w∗(F),∇w∗(F), {w
∗(F j)}nj=0)
forms a GLn-opers on Y
log/T log. If, moreover, F♥ is dormant, then w∗(F)♥ is
dormant.
Definition 2.1.3.
We shall refer to the GLn-oper w
∗(F)♥ on Y log/T log defined above as the pull-
back of F♥ via (wlog, vlog).
2.2. Now, we consider certain ordinarinesses of GLn-do’pers on pointed stable
curves. Let S be a scheme over k, X := (f : X → S, {σi}
r
i=1) a pointed stable
curve over S, and F♥ := (F ,∇F , {F
j}nj=0) a GLn-do’per on X. Consider an
OX -module
(36) End⊛(F) (⊆ End(F))
defined to be the sheaf of OX -linear endomorphisms of F with vanishing trace.
In the following,
the symbol ✷ denotes either the presence or absence of ⊛.
The filtration {F j}nj=0 carries a decreasing filtration {End
✷(F)j}j∈Z on End
✷(F)
given by
End✷(F)j := {f ∈ End✷(F) | f(F l) ⊆ F l+j for any l}.(37)
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Let
∇ad✷F : End
✷(F)→ ΩXlog/Slog ⊗ End
✷(F)(38)
denotes the S-log connection on End✷(F) induced naturally by the S-log
connection ∇F . By the definition of a GLn-oper, the restriction of ∇
ad✷
F to
End✷(F)j (for each j ∈ Z) determines an f−1(OS)-linear morphism
∇ad✷,jF : End
✷(F)j → ΩXlog/Slog ⊗ End
✷(F)j−1.(39)
Since the composite
f∗(End
✷(F)j)
f∗(∇
ad✷,j
F
)
→ f∗(ΩXlog/Slog ⊗ End
✷(F)j−1)(40)
→֒ f∗(ΩXlog/Slog ⊗ End
✷(F))
→ f∗(Coker(∇
ad✷
F ))
becomes the zero map, the composite of the second and third arrows in (40)
gives rise to an OS-linear morphism
Θ✷,j
F♥
: Coker(f∗(∇
ad✷,j
F ))→ f∗(Coker(∇
ad✷
F )).(41)
Definition 2.2.1.
We shall say that a GLn-do’per F
♥ is ordinary (resp., ⊛-ordinary) if Θ1F♥
(resp., Θ⊛,1
F♥
) is injective.
2.3. Let X and F♥ be as above and (L,∇L) an integrable line bundle on X.
Then, the collection of data
(42) F♥(L,∇L) := (F ⊗ L,∇F ⊗∇L, {F
j ⊗L}nj=0)
(cf. (5) for the definition of ∇F ⊗ ∇L) forms a GLn-oper on X. Moreover,
one verifies that the p-curvature of ∇L vanishes identically on X if and only if
F♥(L,∇L) is dormant.
Then, we shall define an equivalence relation in the set of GLn-do’pers on
X, as follows.
Definition 2.3.1.
Let F♥ and G♥ be GLn-do’pers on X. We shall say that F
♥ is equivalent to
G♥ if F♥ is isomorphic to G♥(L,∇L) for some integrable line bundle (L,∇L) on
X (with vanishing p-curvature).
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Remark 2.3.1.1.
Let (L,∇L) be an integrable line bundle on X. End
✷(F) is canonically iden-
tified with End✷(F ⊗ L) and the S-log connection ∇ad✷F coincides with ∇
ad✷
F⊗L
via this identification. It follows that F♥ is ✷-ordinary if and only if F♥(L,∇L) is
✷-ordinary. In particular, the ✷-ordinariness of GLn-do’pers depends only on
their equivalence classes.
2.4. We shall consider the case where n = 1. Any integrable line bundle
(L,∇L) may be equipped with a trivial 1-step filtration {L
j}1j=0 given by L
0 :=
L and L1 := 0. This filtration allows us to consider (L,∇L) as a GL1-oper
L♥ := (L,∇L, {L
j}1j=0) on X. By this way, we may identify any integrable
line bundle (resp., any integrable line bundle with vanishing p-curvature) with
a GL1-oper (resp., a GL1-do’per). In particular, one obtains the trivial GL1-
do’per
O♥X := (OX , d, {O
j
X}
1
j=0)(43)
on X. It is clear that any two GL1-do’pers are equivalent. In other words, any
GL1-do’per is equivalent to the trivial GL1-do’per O
♥
X .
Next, consider the ✷-ordinariness. According to the above discussion and
the discussion in Remark 2.3.1.1, an arbitrary GL1-do’per is ✷-ordinary if and
only if O♥X is ✷-ordinary. Thus, it suffices to consider the case of the trivial
GL1-do’per.
On the one hand, if✷ = ⊛, thenO♥X is necessarily ⊛-ordinary since End
⊛(OX)
= 0. On the other hand, suppose that ✷ denotes the absence of ⊛. We have
the equality ∇adOX = d, and ∇
ad,1
OX
coincides with the zero map 0 → ΩXlog/Slog .
Thus, Θ1
O♥X
coincides with f
(1)
∗ (CX/S) (cf. (17)). It follows from Proposition
1.5.2 that O♥X is ordinary if and only if X is ordinary in the sense of Defini-
tion 1.5.1. This observation implies the following proposition for n = 1, by
which one may consider the ordinariness of GLn-do’pers may be thought of
as a generalization of the classical ordinariness of algebraic curves in positive
characteristic.
Proposition 2.4.1.
Let F♥ be a GLn-do’per on X. Then, F
♥ is ordinary if and only if X is
ordinary and F♥ is ⊛-ordinary. If, moreover, n = 1, then F♥ is necessarily
⊛-ordinary.
Proof. Since we have verified the latter assertion, it suffices to prove the for-
mer assertion. Let us write F♥ := (F ,∇F , {F
j}nj=0). The morphism OX ⊕
End⊛(F) → End(F) given by assigning (a, v) 7→ a · idF + v is (since n is
prime to p) an isomorphism that is compatible with d ⊕∇ad⊛F and ∇
ad
F . This
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isomorphism restricts to isomorphisms
OX ⊕ End
⊛(F)0
∼
→ End(F)0 and {0} ⊕ End⊛(F)1
∼
→ End(F)1(44)
that are compatible with ∇ad,1OX ⊕∇
ad⊛,1
F and ∇
ad,1
F . Hence, we have a commu-
tative square diagram
f∗(ΩXlog/Slog)⊕ Coker(f∗(∇
ad⊛,1
F ))
∼
−−−→ Coker(f∗(∇
ad,1
F ))
Θ1
O
♥
X
⊕Θ⊛,1
F♥
y yΘ1F♥
f
(1)
∗ (ΩX(1)logS /Slog
)⊕ f∗(Coker(∇
ad⊛
F ))
∼
−−−→ f∗(Coker(∇
ad
F )).
(45)
This diagram shows that Θ1F♥ is injective if and only if Θ
1
O♥X
is injective (equiv-
alently, X is ordinary by the discussion preceding Proposition 2.4.1) and Θ⊛,1
F♥
is injective. This completes the proof of Proposition 2.4.1. 
2.5. According to Proposition 2.4.1, the study of the ordinariness of GLn-
do’pers reduces to the study of the ⊛-ordinariness. In this subsection, we shall
explain that these conditions may be closely related to a local property of the
moduli of GLn-do’pers. Toward explaining it, we first recall (from [23]) several
conditions each of which is equivalent to the ⊛-ordinariness (cf. Proposition
2.5.1 below).
For a GLn-do’per F
♥ := (F ,∇F , {F
j}nj=0) on X, we shall denote by
(46) γF♥ : FX/S∗(Ker(∇F))→ FX/S∗(F/F
1)
the O
X
(1)
S
-linear composite of the inclusion FX/S∗(Ker(∇F)) →֒ FX/S∗(F) and
the quotient FX/S∗(F)։ FX/S∗(F/F
1).
Proposition 2.5.1.
Let F♥ be as above, and suppose that S is affine. Then, the following three
conditions (i)-(iii) are mutually equivalent to each other:
(i) F♥ is ⊛-ordinary.
(ii) The morphism Θ⊛,0
F♥
is injective.
(iii) The dormant sln-oper associated with F
♥ has no nontrivial first order
deformation. (Here, we refer to [23], Definition 2.2.1 (i) and Definition
3.6.1, for the definition of a dormant g-oper on a pointed stable curve
for a semisimple Lie algebra g and to [23], § 4.3 and Corollary 4.13.3,
for the discussion concerning the dormant sln-oper associated with a
dormant GLn-oper.)
Suppose further that r = 0, X is smooth over S, and is ordinary. Then, these
conditions are also equivalent to the following condition:
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(iv) The equality
HomO
X
(1)
S
(FX/S∗(Ker(∇F)),Coker(γF♥))) = 0(47)
is satisfied.
Proof. The equivalence (i) ⇔ (ii) follows from [23], Lemma 5.2.1 (i). The
equivalence (ii) ⇔ (iii) follows from [23], Theorem D and Corollary 5.12.1 (i).
Moreover, the equivalence (iii) ⇔ (iv) follows from [23] Proposition 8.3.3 and
Proposition 8.4.1 (and the discussion in [23], § 8.1). 
By the equivalence (i)⇔ (iii) in Proposition 2.5.1, the⊛-ordinariness of GLn-
do’pers may be linked to the study in the paper [23] concerning the geometric
structure of the moduli stack of dormant sln-opers. In fact, denote by
Op
Zzz...
GLn,g,r(48)
be the sheaf associated with the e´tale presheaf on Mg,r which, to any k-scheme
T equipped with an e´tale morphism T →Mg,r classifying pointed stable curve
Y over T , assigns the set of equivalence classes of GLn-do’pers on Y. Also,
denote by
Op
Zzz...
sln,g,r(49)
the e´tale sheaf on Mg,r which, to any T (as well as Y) as above, assigns the
set of isomorphism classes of dormant sln-opers on Y. By [23], Theorem C,
Theorem D, and the isomorphism (11), these sheaves may be represented by
finite (relative) Mg,r-schemes and the assignment from each GLn-do’per to its
associated dormant sln-oper defines an isomorphism
Λ : Op
Zzz...
GLn,g,r
∼
→ Op
Zzz...
sln,g,r(50)
of (relative) Mg,r-schemes. Let F
♥ be a GLn-do’per F
♥ on X and s : S →
Op
Zzz...
GLn,g,r the S-rational point of Op
Zzz...
GLn,g,r classifying F
♥. Then, the equiv-
alence (i) ⇔ (iii) in Proposition 2.5.1 implies that F♥ is ⊛-ordinary if and
only if the image of the composite Λ ◦ s lies in the unramified locus of Op
Zzz...
sln,g,r
relative to Mg,r.
By applying results in [23], we have the following proposition.
Proposition 2.5.2.
(i) Denote by
⊛Op
Zzz...
GLn,g,r(51)
the locus of Op
Zzz...
GLn,g,r classifying ⊛-ordinary GLn-do’pers. Then, it
forms an open substack which is dense in any irreducible component
of Op
Zzz...
GLn,g,r that dominates Mg,r, and
⊛Op
Zzz...
GLn,g,r/Mg,r is finite and
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e´tale. In particular, any GLn-do’per on the pointed proper smooth curve
classified by the generic point of Mg,r (⊆Mg,r) is ordinary (and hence,
⊛-ordinary).
(ii) Any GLn-do’per on a totally degenerate pointed stable curve (e.g., the
projective line together with 3 marked points) is necessarily ordinary,
and hence, ⊛-ordinary (cf. [23], Definition 6.3.1, for the definition of
a totally degenerate pointed stable curve).
Proof. Assertions (i) and (ii) follows from [23], Theorem F, and the fact that
any pointed totally degenerate stable curve is ordinarily in the sense of Defini-
tion 1.5.1. 
Corollary 2.5.3.
Let S log be a log scheme over k such that S = Spec(R) for some local ring
R over k. Also, let X be a pointed stable curve over S log whose spacial fiber
is totally degenerate. Then, any GLn-do’per on X is ordinary, and hence, ⊛-
ordinary.
Proof. The assertion follows directly from Proposition 2.5.2 (i) and (ii). 
2.6. We shall analyze the behavior, according to the clutching morphism of
the underlying pointed stable curves, of the ⊛-ordinariness.
Let S log be a log scheme over k and X := (X/S, {σi}
r
i=1) a pointed stable
curve over S log of type (g, r) (where 2g−2+r > 0). Suppose that X may be ob-
tained by gluing together m (≥ 1) pointed stable curves Xj := (Xj/S, {σj,i}
rj
i=1)
(j = 1, · · · , m) along some marked points in
⋃m
j=1{σj,i}
rj
i=1. (More precisely,
X is obtained by gluing together {Xj}
m
j=1 by means of a certain clutching data
for a pointed stable curve of type (g, r). We refer to [23], Definition 6.1.1, for
the definition of a clutching data.) In particular, for each j, we have a natural
morphism Clutj : Xj → X of S-schemes. Let us consider the log structure
on Xj pulled-back from the log structure of X
X-log via Clutj. We shall denote
the resulting log scheme by XX-logj . The structure morphism Xj → S of Xj/S
extends to a morphism XX-logj → S
X-log of log schemes. Moreover, the natural
morphism XX-logj → Xj of log schemes (where we consider Xj as being equipped
with the trivial log structure) extends to a commutative square diagram
XX-logj
wlogj
//

X
Xj-log
j

SX-log
vlogj
// SXj-log,
(52)
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where the underlying morphisms wj and vj of the horizontal arrows coincide
with the identity morphisms of Xj and S respectively. One verifies that the
morphism
(53) wvj : X
X-log
j → X
Xj-log
j ×SXj -log S
X-log
over SX-log induced by the diagram (52) is log e´tale.
Now, suppose that we are given a GLn-do’per F
♥ on X. By restricting
via Clutj, we obtain, from F
♥, a GLn-do’per F|
♥
XX-logj
on XX-logj /S
X-log. More-
over, since wlogj induces a canonical isomorphism ΩXX-log/SX-log
∼
→ Ω
X
Xj -log
j /S
Xj -log
,
F|♥
XX-logj
may be naturally identified with a GLn-do’per
F|♥Xj(54)
on Xj/S. The following proposition (which will be used in the proof of Theorem
B) is verified.
Proposition 2.6.1.
Let X, Xj (j = 1, · · · , m), and F
♥ be as above. Then, F♥ is ⊛-ordinary if and
only if for any j ∈ {1, · · · , m} the GLn-do’per F|
♥
Xj
is ⊛-ordinary.
Proof. The assertion follows from the equivalence (i) ⇔ (iii) in Proposition
2.5.1 and [23], Theorem 6.2.2. 
2.7. The proof of Theorem A. Now, we shall prove one of our main results,
Theorem A. Let X, (Y, w), and F♥ be as in § 0.2. It follows from the as-
sumption and Proposition 2.4.1 that Y is ordinary and w∗(F)♥ is ⊛-ordinary.
For completing the proof, it suffices to prove that X is ordinary and F♥ is
⊛-ordinary (by Proposition 2.4.1 again).
First, we shall show that X is ordinary. Consider the square diagram
Γ(X,ΩXlog/k)
Γ(X
(1)
k ,CX/k)
−−−−−−−−→ Γ(X
(1)
k ,ΩX(1)logk /k
)y y
Γ(Y,ΩY log/k) −−−−−−−→
Γ(Y
(1)
k ,CY/k)
Γ(Y
(1)
k ,ΩY (1)logk /k
),
(55)
where the left-hand and right-hand vertical arrows are the morphisms induced
from w and w(1) respectively. By Proposition 1.5.2, the ordinariness of Y
implies the injectivity of the lower horizontal arrow in (55). Hence, since the
two vertical arrows in (55) are injective, the upper horizontal arrow is injective.
By Proposition 1.5.2 again, X turns out be ordinary.
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Next, we shall show that F♥ is ⊛-ordinary. Recall that the isomorphism
w(1)∗(FX/k∗(Ker(∇F)))
∼
→ FY/k∗(Ker(∇w∗(F)))(56)
obtained by Proposition 1.6.2. Also, the functorial isomorphism (27) induces
an isomorphism
w(1)∗(FX/k∗(F/F
1))
∼
→ FY/k∗(w
∗(F)/w∗(F)1).(57)
The above two isomorphisms make the square diagram
w(1)∗(FX/k∗(Ker(∇F)))
w(1)∗(γ
F♥
)
−−−−−−→ w(1)∗(FX/k∗(F/F
1))
(56)
y≀ ≀y(57)
FY/k∗(Ker(∇w∗(F)))
γ
w∗(F)♥
−−−−−→ FY/k∗(w
∗(F)/w∗(F)1)
(58)
commute. Hence, we have an isomorphism
w(1)∗(Coker(γF♥))
∼
→ Coker(γw∗(F)♥).(59)
By means of (56) and (59), we obtain a composite injection
HomO
X(1)
(FX/k∗(Ker(∇F )),Coker(γF♥))(60)
→֒ HomOX (w
(1)∗(FX/k∗(Ker(∇F))), w
(1)∗(Coker(γF♥)))
∼
→ HomOX (FY/k∗(Ker(∇w∗(F))),Coker(γw∗(F)♥)).
But, by the equivalence (i) ⇔ (iv) in Proposition 2.5.1, the hypothesis that
w∗(F)♥ is ⊛-ordinary implies the equality
(61) HomOX (FY/k∗(Ker(∇w∗(F))),Coker(γw∗(F)♥)) = 0.
Consequently, the composite injection (60) shows the equality
HomO
X(1)
(FX/k∗(Ker(∇F)),Coker(γF♥)) = 0,(62)
equivalently, F♥ is ⊛-ordinary by Proposition 2.5.1 again. This completes the
proof of Theorem A.
3. Cyclic log e´tale coverings of a pointed projective line
In this section, we consider GLn-do’pers on the projective line with some
marked points. The goal of this section is to prove (cf. Proposition 3.3.1)
that the pull-back of any GLn-do’per on the projective line with three marked
points via a cyclic log e´tale covering is necessarily ⊛-ordinary. This assertion
will be the key ingredient of the proof of Theorem B.
ABELIAN COVERINGS AND ORDINARINESS OF DORMANT OPERS 21
3.1. For each value s ∈ k ⊔ {∞}, denote by [s] the k-rational point of the
projective line
P := Proj(k[x, y])(63)
over k determined by s. Let l be a positive integer prime to p, and denote by
µl := {ζ1, · · · , ζl} the group of l-power roots of unity. The collection of data
(64) P(l+2)pt := (P/k, {[0], [ζ1], · · · , [ζl], [∞]})
forms a pointed stable curve of type (0, l + 2). In particular,
(65) P3pt := (P/k, {[0], [1], [∞]})
(i.e, the P(l+2)pt of the case l = 1) is a unique (up to isomorphism) pointed
stable curve of type (0, 3).
3.2. The Frobenius twist P(1)k of P/k is evidently isomorphic to P. The dis-
cussion in this subsection will be applied to the discussion in § 3.3, where we
deal with P(1)k , via a natural identification P
(1)
k
∼= P.
Let n be a positive integer. Recall the Birkhoff-Grothendieck’s theorem,
which asserts that for any vector bundle V on P of rank n is isomorphic to a
direct sum of n line bundles:
(66) V ∼=
n⊕
j=1
OP(wj),
where wj1 ≤ wj2 if j1 < j2. The nondecreasing sequence of integers (wj)
n
j=1
depends only on the isomorphism class of the vector bundle V.
Definition 3.2.1.
In the above situation, we shall say that V is of type (wj)
n
j=1. Also, we shall
say that V is of homogeneous type if it is of type (wj)
n
j=1 with w1 = wn
(equivalently, w1 = w2 = · · · = wn).
By induction on n, one may verify immediately the following lemma (cf. [23]),
Lemma 7.7.1.
Lemma 3.2.2.
Suppose that we are given, for  = 1, 2, a rank n vector bundle V on P of type
(w,j)
n
j=1, where {w,j}1≤j≤n denotes a nondecreasing sequence of integers, and
given an injection V1 →֒ V2 of OP-modules. Then, for any j ∈ {1, · · · , n}, the
inequality w1,j ≤ w2,j is satisfied.
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The above lemma deduces immediately the following lemma (from an argu-
ment similar to the argument in the proof of [23], Lemma 7.7.2), which will be
used in the proof of Proposition 3.3.1.
Lemma 3.2.3.
Let s be an integer and {Vl}l∈Z≥0 a set of rank n vector bundles (indexed by the
set of nonnegative integers Z≥0) on P satisfying the following two conditions:
• each Vl is of degree s+ l and of type (wl,j)
n
j=1, where {wl,j}
n
j=1 denotes
a nondecreasing sequence of integers (hence
∑n
j=1wl,j = s+ l);
• the inequality wl,n − wl,1 ≤ 1 (for each l ≥ 0) is satisfied.
Also, suppose that we are given a sequence of OP-linear injections
(67) V0 →֒ V1 →֒ V2 →֒ V3 →֒ · · · .
Then, there exists l0 ∈ Z≥0 such that Vl0 is of homogeneous type.
Proposition 3.2.4.
Let F♥ := (F ,∇F , {F
j}nj=0) be a GLn-do’per on P
(l+2)pt and {wl}
n
l=1 a nonde-
creasing sequence of integers. Suppose that the rank n vector bundle FP/k∗(Ker(∇F ))
on P(1)k is of type (wl)
n
l=1, i.e., decomposes into a direct sum of n line bundles:
(68) FP1/k∗(Ker(∇F))
∼
→
n⊕
l=1
O
P(1)k
(wl).
Then, we have the inequality wn − w1 ≤ l + 1, equivalently, |wi − wj | ≤ l + 1
for any i, j ∈ {1, · · · , n}.
Proof. According to the decomposition (68), the rank n vector bundle
(69) AKer(∇F ) := F
∗
P/k(FP/k∗(Ker(∇F )))
on P decomposes into the direct sum
(70) AKer(∇F )
∼
→
n⊕
l=1
OP(p · wl).
Recall from [23], § 7.2, (777), that AKer(∇F ) admits a canonical decreasing fil-
tration {AjKer(∇F )}
n
j=0 with gr
j
F := A
j
Ker(∇F )
/Aj+1Ker(∇F ) (j = 0, · · · , n − 1). It
follows from [23], Proposition 7.3.3 and the latter assertion of [23], Corollary
7.3.4 of the case where (g, r) = (0, 3) (cf. [23], the proof of Proposition 7.6.3)
that
(71) deg(grn−1F ) < deg(gr
n−2
F ) < · · · < deg(gr
0
F).
ABELIAN COVERINGS AND ORDINARINESS OF DORMANT OPERS 23
Now, let us write
ξ′ : OP(p · wn) →֒
n⊕
l=1
OP(p · wl)
(70)−1
→ AKer(∇F )(72)
(
resp., ξ′′ : AKer(∇F )
(70)
→
n⊕
l=1
OP(p · wl)։ OP(p · w1)
)
,
where the first (resp., second) arrow denotes the inclusion into the n-th factor
(resp., the projection onto the 1-st factor). Also, write
n′ := max{j | Im(ξ′) ⊆ AjKer(∇F )}(73)
(resp., n′′ := max{j | ξ′(AjKer(∇F )) 6= 0} ).
Then, ξ′ (resp., ξ′′) induces a nonzero morphism
ξ
′
: OP(p · wn)→ A
n′
Ker(∇F )
/An
′+1
Ker(∇F )
(= grn
′
F )(74)
(resp., ξ
′′
: (grn
′′
F =) A
n′′
Ker(∇F )
/An
′′+1
Ker(∇F )
→ OP(p · w1))
between line bundles (on the smooth curve P1). In particular ξ
′
and ξ
′′
are
injective, and hence, we have
(75) p · wn = deg(OP(p · wn)) ≤ deg(gr
n′
F ) ≤ deg(gr
0
F)
and
(76) p · w1 = deg(OP(p · w1)) ≥ deg(gr
n′′
F ) ≥ deg(gr
n−1
F ),
where the last inequalities in both (75) and (76) follow from (71). But, it
follows from the latter assertion of [23], Corollary 7.3.4, that
deg(gr0F)− deg(gr
n−1
F )(77)
= −(n− 1) · (2 · 0− 2 + l + 2) +
l+2∑
i=1
(wi,n − wi,1)
< −(n− 1) · l + (l + 2) · p.
By combining (75), (76), and (77), we obtain
(78) wn − w1 ≤
1
p
· (deg(gr0F)− deg(gr
n−1
F )) < l + 2−
(n− 1) · l
p
.
This implies (since wn − w1 ∈ Z) that wn − w1 ≤ l + 1, as desired. 
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3.3. Consider the endomorphism π : P → P of P corresponding to the k-
algebra endomorphism of k[x, y] given by assigning x 7→ xl and y 7→ yl. This
morphism is unramified over P \ {[0], [∞]} and satisfies that π−1([0]) = {[0]},
π−1([∞]) = {[∞]}, and π−1([1]) = {[ζ1], · · · , [ζl]}. Also, it extends to a log
e´tale Galois covering
(79) πlog : PP
(l+2)pt-log → PP
3pt-log
over k with Galois group µl.
Proposition 3.3.1.
Let F♥ := (F ,∇F , {F
j}nj=0) be a GLn-do’per on P
3pt (which is ⊛-ordinary due
to Proposition 2.5.1 (i) or (ii)). Then, the pull-back π∗(F)♥ via πlog (i.e., the
pull-bak of F♥ via (πlog, idk) in the sense of Definition 2.1.3) is a ⊛-ordinary
GLn-do’per on P
(l+2)pt.
Proof. By Remark 2.3.1.1 and Lemma 3.3.3 proved below, one may assume, af-
ter possibly twisting by some integrable line bundle with vanishing p-curvature,
that FP/k∗(Ker(∇F)) is of homogenous type. Since π
(1)∗(FP/k∗(Ker(∇F))) ∼=
FP/k∗(Ker(∇π∗(F))) by Lemma 3.3.2 proved below, FP/k∗(Ker(∇π∗(F))) is of ho-
mogenous type, and hence, End(FP/k∗(Ker(∇π∗(F)))) is isomorphic to a direct
sum of finite copies of O
P(1)k
. This implies the equality
H1(P(1)k , End(FP/k∗(Ker(∇π∗(F))))) = 0.(80)
Here, recall from well-known generalities of deformation theory that the space
of first order deformations of FP/k∗(Ker(∇π∗(F))) is canonically isomorphic to
H1(P(1)k , End(FP/k∗(Ker(∇π∗(F))))). Thus, FP/k∗(Ker(∇π∗(F))) has no nontrivial
first order deformation. The assertion follows from this fact together with [23],
Corollary 7.5.2. 
To compete the proof of Proposition 3.3.1, it remains to prove Lemmas
3.3.2 and 3.3.3. We first prove Lemma 3.3.2, which asserts that there exists
an isomorphism of the form (28) where w is replaced with our covering πlog
(which is not e´tale but log e´tale).
Lemma 3.3.2.
Let (V,∇V) be an integrable vector bundle on P
3pt with vanishing p-curvature.
Then, the natural morphism
π(1)∗(FP/k∗(Ker(∇V)))→ FP/k∗(Ker(∇π∗(V)))(81)
of OP-modules is an isomorphism.
Proof. Since (81) is an isomorphism on the open subset P(1) \ {[0], [∞]} (cf.
(28)), it suffices to prove that (81) is an isomorphism on the formal neighbor-
hoods of [0] and [∞].
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By similarity of the argument, we shall only consider the case of [0]. Let
us fix a local parameter t of P at [0]. Then, the formal neighborhood of [0]
in P (resp., P(1)k ) is isomorphic to Spf(k[[t]]) (resp., Spf(k[[t
p]])) and the local
parameter t gives an identification ΩP/k|Spf(k[[t]])
∼
→ k˜[[t]] (where (˜−) denotes
the coherent sheaf associated with (−)). It follows from [18], Corollary 2.10
(or, [23], the discussion following Lemma 7.3.2) that the tp-adic completion of
(FP/k∗(V), FP/k∗(∇V)) is isomorphic to the direct sum k˜[[t]]
⊕n
together with a
k˜[[tp]]-linear morphism
⊕n
j=1∇mj , where, for each m ∈ Z, ∇m denotes the
map k˜[[t]] → k˜[[t]] determined by a 7→ t · ∂a
∂t
− m · a for any a ∈ k[[t]].
Hence, to complete the proof, one may assume, without loss of generality,
that (V,∇V)|Spf(k[[t]]) ∼= (k˜[[t]],∇m) (where m ∈ Z). We shall identify, in a
natural fashion, the formal neighborhood of [0] in the domain P of π (resp.,
the domain P(1) of π(1)) with Spf(k[[t
1
l ]]) (resp., Spf(k[[t
p
l ]])). The ring ho-
momorphism k[[t]] → k[[t
1
l ]] (resp., k[[tp]] → k[[t
p
l ]]) obtained as the formal
completion of π (resp., π(1)) at [0] may be given by assigning t 7→ (t
1
l )l (resp.,
tp 7→ (t
p
l )l). Since FP/k∗(Ker(∇F ))|Spf(k[[tp]]) is isomorphic to k˜[[tp]] · t
m, we have
π(1)∗(FP/k∗(Ker(∇F)))|Spf(k[[t
p
l ]])
∼
→ k˜[[t
p
l ]] · tm.(82)
One the other hand, one verifies that ∇π∗(V)|
Spf(k[[t
1
l ]])
is isomorphic to the map
given by assigning a 7→ t
1
l · ∂a
∂(t
1
l )
− lm · a (a ∈ k[[t
1
l ]]). Hence, we have
FP/k∗(Ker(∇π∗(V)))|Spf(k[[t
p
l ]])
∼= k˜[[t
p
l ]] · (t
1
l )lm.(83)
By (82) and (83), the morphism (81) is an isomorphism on the formal neigh-
borhood of [0]. This completes the proof of Lemma 3.3.2. 
By means of Lemma 3.3.2, we prove the following Lemma 3.3.3.
Lemma 3.3.3.
For any GLn-do’per F
♥ := (F ,∇F , {F
j}nj=0) on P
3pt, there exists a GLn-
do’per G♥ := (G,∇G , {G
j}nj=0) on P
3pt equivalent to F♥ such that the vector
bundle FP/k∗(Ker(∇G)) on P
(1)
k is of homogeneous type.
Proof. We shall apply the discussion in the proof of [23], Proposition 7.7.4, to
F♥. Here, note that there necessarily exists a (n, 1)-determinant data U for
X log over S log (cf. [23], Definition 4.9, for the definition of a (n, 1)-determinant
data) for which F♥ is isomorphic to some dormant (GLn, 1,U)-oper. By ap-
plying the discussion in loc. cit., we obtain a collection of data
(84) {F♥m}m∈Z≥0 , {im}m∈Z≥0 ,
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consisting of
• GLn-do’pers F
♥
m := (Fm,∇Fm , {F
j
m}
n
j=0) (m ∈ Z≥0) on P
3pt which are
equivalent to F♥ and satisfy the equalities
deg(FP/k∗(Ker(∇Fm+1))) = deg(FP/k∗(Ker(∇Fm))) + 1,(85)
and
• a sequence of OP(1)k
-linear injections
(86) FP/k∗(Ker(∇F0)) →֒ FP/k∗(Ker(∇F1)) →֒ FP/k∗(Ker(∇F3)) →֒ · · · .
Suppose that there exists m1 ≥ 0 for which FP/k∗(Ker(∇Fm1 )) is of type
(wm1,j)
n
j=1 with wm1,n − wm1,1 ≥ 2. Let us take a positive integer l with l ≥ 2
and take πlog as at the beginning of § 3.3 for this l. Then, FP/k∗(Ker(∇π∗(Fm1 )))
(which is isomorphic to π(1)∗(FP/k∗(Ker(∇Fm1 ))) by Lemma 3.3.2) is of type
(l · wm1,j)
n
j=1. But, it follows from Proposition 3.2.4 that
(87) (l · 2 ≤) l · wm1,n − l · wm1,1 ≤ l + 1.
This is a contradiction, and implies that FP/k∗(Ker(∇Fm)) (for any m) is of
type (wj)
n
j=1 with wn − w1 ≤ 1. Thus, by Lemma 3.2.3, there exists m2 ≥ 0
such that the GLn-do’per F
♥
m2
satisfies the required conditions, as desired. 
4. GLn-do’pers on a totally degenerate curve of genus 1
The goal of this section is to prove Theorem B. To this end, we apply a
usual degeneration technique for underlying curves of GLn-do’pers. By means
of the result of the previous section, we first prove Theorem B for the case
of elliptic curves and abelian coverings given by multiplication by integers (cf.
Proposition 4.2.2). Then, we complete the proof of Theorem B by applying
this tentative result and considering a stable curve obtained by gluing together
some elliptic curves.
4.1. In this subsection, we consider a certain stable curve obtained by gluing
together some copies of the projective line, and consider the log structure of
the projective line restricted from the natural log structure of this stable curve.
For a positive integer m, we shall denote by
(88) Clm := (Cm/k, {σ
l
m,i}
ml
i=1)
the pointed stable curve over k of type (1, ml) determined uniquely by the
following two conditions:
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(i) Cm is a (proper) semistable curve over k of the form
Cm :=
m⋃
j=1
Pj,(89)
where each Pj is (a copy of) the projective line P with {σlm,i}(j−1)l<i≤jl ⊆
Pj(k);
(ii) there exist mutually distinct k-rational points of Cm:
δ1 · · · , δm(90)
such that
(91) Pi ∩ Pj =
{
δi if j = i+ 1 mod m
∅ if otherwise.
(Hence, the set {δ1 · · · , δm} coincides with the set of of nodes of Cm).
In particular, for each j = 1, . . . , m, we obtain (after ordering the set of marked
points) a pointed stable curve
(92) P
(l+2)pt
m,j := (Pj, {σ
l
m,i}(j−1)l<i≤jl ∪ {δj−1, δj})
(where δ0 := δm) over k of type (0, l + 2). Denote by
(93) P
Clm-log
j
the log scheme over Spec(k)C
l
m-log which is defined as the k-scheme Pj equipped
with the log structure pulled-back from the log structure of C
Clm-log
m via the
natural closed immersion Pj → Cm. Then, we have the commutative square
diagram
P
Clm-log
j
//

P
P
(l+2)pt
m,j -log
j

Spec(k)C
l
m-log // Spec(k)P
(l+2)pt
m,j -log.
(94)
The following lemma is immediately verified.
Lemma 4.1.1.
The resulting morphism
(95) Φlm,j : P
Clm-log
j → P
P
(l+2)pt
m,j -log
j ×
k
P
(l+2)pt
m,j
-log
kC
l
m-log
over Spec(k)C
l
m-log is log e´tale and its underlying morphism of k-schemes coin-
cides with the identity morphism of Pj (= P).
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4.2. Let us consider the degeneration of the endomorphism of an elliptic curve
given by multiplication by a positive integer l prime to p.
Letm be a positive integer, and let v : Spec(k)→M1,m be a k-rational point
of the moduli stack M1,m classifying the pointed stable curve C
1
m. The divisor
at infinity of M1,m around v may be locally given as
∏m
i=1 ti = 0 for some
local functions ti (i = 1, · · · , m). Then, the choice of sections ti’s determines a
morphism vR1 : Spec(R1)→M1,m, where R1 := k[[t1, · · · , tm]]. Denote by
C1m,R1 := (Cm,R1/R1, {σ
1
m,R1,i
}mi=1)(96)
the pointed stable curve over R1 of type (1, m) classified by vR1 . (Hence, the
spacial fiber is isomorphic to C1m and its underlying semistable curve of the
generic fiber is smooth.) Denote by Spec(R1)
log the log scheme defined as
Spec(R1) equipped with the log structure associated with the homomorphism
N⊕m → R1 given by assigning (ai)mi=1 7→
∏m
i=1 t
ai
i . Then, there exists a canoni-
cal isomorphism
ηlog1 : Spec(R1)
C1m,R1
-log ∼→ Spec(R1)
log(97)
(whose underlying morphism of schemes coincides with the identity).
Let us write Rl := k[[t
1
l
1 , · · · , t
1
l
m]] (resp., R∞ := lim−→p∤n k[[t
1
n
1 , · · · , t
1
n
m]]) and
equip Spec(Rl) (resp., Spec(R∞)) with a log structure associated with the ho-
momorphism (1
l
N)⊕m → Rl (resp., lim−→p∤n(
1
n
N)⊕m → R∞) given by (ai)mi=1 7→∏m
i=1 t
ai
i . Write Spec(Rl)
log (resp., Spec(R∞)
log) for the resulting log scheme
and write Spec(k)log for the log scheme defined as Spec(k) equipped with the
log structure pulled-back from the log structure of Spec(R∞)
log via the closed
immersion Spec(k) → Spec(R∞). Then, the sequence of homomorphisms
R1 →֒ Rl →֒ R∞ ։ k yield a sequence of morphisms of log schemes
Spec(k)log → Spec(R∞)
log → Spec(Rl)
log(98)
→ Spec(R1)
log (
(ηlog1 )
−1
∼
→ Spec(R1)
C1m,R1
-log)
(by which Spec(R∞)
log may be thought of as a universal Kummer e´tale covering
of Spec(R)C
1
m,R-log).
Let us fix an algebraically closed fieldK together with an inclusion R∞ →֒ K,
which induces a morphism Spec(K)→ Spec(R∞)
log. Then, let
C1m,K := (Cm,K , {σ
1
m,K,i}
m
i=1)(99)
be the base-change of C1m,R1 via this morphism. Write
C
C1m,R1
-log✷
m,R∞
:= C
C1m,R1
-log✷
m,R1
×
R
C1
m,R1
-log
1
Rlog∞ .(100)
where ✷ denotes either the present or absence of the prime “ ′ ”. (Hence, we
have Cm,K ∼= C
C1m,R1
-log′
m,R∞
×Rlog∞ K). The natural morphisms Cm,K → C
C1m,R1
-log′
m,R∞
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and C
C1m,R1
-log
m,R∞
→ C
C1m,R1
-log′
m,R∞
give rise to a diagram of logarithmic fundamental
groups
πket1 (C
C1m,R1
-log
m,R∞
)

πet1 (Cm,K) // π
ket
1 (C
C1m,R1
-log′
m,R∞
)
(
∼
// πket1 (C
C1m-log
′
m ×kC1m-log k
log)
)
(101)
where all the arrows are determined up to choices of base point, i.e., up to
composition with inner automorphism. The vertical arrow in (101) is surjective
and the horizontal arrow becomes an isomorphism after taking maximal pro-l
quotient (−)(l). Here, [l]Cm,K denotes the endomorphism of Cm,K determined by
multiplication by l, which is an abelian e´tale covering of degree l2. There exist
uniquely (up to isomorphism) a log-curve C logm·l,R∞ over R
log
∞ and a Kummer
e´tale covering
[l]logCm,R∞ : C
log
m·l,R∞
→ C
C1m,R1
-log
m,R∞
(102)
over Spec(R∞)
log corresponding to the abelian covering [l]Cm,K via the resulting
surjection
πket1 (C
C1m,R1
-log
m,R∞
)։ πket1 (C
C1m,R1
-log′
m,R∞
)(l)
∼
→ πet1 (Cm,K)
(l).(103)
(Namely, Cm·l,R∞ ×R∞ K
∼= Cm,K and the fiber of [l]Cm,R∞ over K coincides
with [l]Cm,K .) One may find a collection of data described as follows:
• a pointed stable curve
Clm·l,Rl := (Cm·l,Rl/Rl, {σ
l
m·l,Rl,i
}m·l
2
i=1 )(104)
of type (1, m · l2) over Rl (which is uniquely determined up to change
of ordering in the marked points {σlm·l,Rl,i}
m·l2
i=1 );
• an isomorphism
ηlogl : Spec(Rl)
log ∼→ Spec(Rl)
Clm·l,Rl
-log
(105)
of log schemes whose underlying morphism of schemes coincides with
the identity;
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• a commutative diagram
C logm·l,R∞
//

C
Clm·l,Rl
-log
ml,Rl
//

C
C1m,R1
-log
m,R1

Spec(Rl)
Clm·l,Rl
-log
≀ ηlogl

// Spec(R1)
C1m,R1
-log
≀ ηlog1

Spec(R∞)
log // Spec(Rl)
log // Spec(R1)
log,
(106)
where both the left-hand rectangle and the right-hand lower square
are cartesian, the two lower horizontal arrows are obtained in (98),
and all the upper vertical arrows except ηlog1 and η
log
l are the structure
morphisms of pointed stable curves.
The fact that the left-hand rectangle is cartesian gives an isomorphism
C logm·l,R∞
∼
→ C
Clm·l,Rl
-log
m·l,Rl
×Spec(Rl)log Spec(R∞)
log(107)
over Spec(R∞)
log. Also, one verifies that the special fiber of Clm·l,Rl is isomorphic
to Clm·l := (Cm·l/k, {σ
l
m·l,i}
m·l2
i=1 ). Denote by
[l]logCm : C
Clm·l-log
m·l,k ×kC
l
m·l
-log k
log → CC
1
m-log
m ×kC1m-log k
log(108)
the base-change of [l]logCm,R∞ over k
log under the isomorphism (107). The image
of each Pj ⊆ Cm·l (j = 1, · · · , m · l) via [l]Cm is contained in Psj ⊆ Cm for some
sj ∈ {1, · · · , m}. Thus, we obtain its restriction of the following form
[l]logCm |Pj : P
Clm·l-log
j ×kC
l
m·l
-log k
log → P C
1
m-log
sj
×
kC
1
m-log
klog.(109)
By a straightforward argument, one verifies the following lemma.
Lemma 4.2.1.
The square diagram
P
Clm·l-log
j ×kC
l
m·l
-log k
log
[l]logCm |Pj
−−−−−→ P
C1m-log
sj ×kC1m-log k
log
Φlm·l,j×idklog
y yΦ1m,sj×idklog
P
P
(l+2)pt
m,j -log
j ×k k
log π
log
−−−→ P
P
3pt
m,j-log
sj ×k k
log
(110)
(cf. (79) for the definition of πlog) is commutative and cartesian.
By applying the above lemma, one may prove the following proposition.
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Proposition 4.2.2.
Write Clm·l,K for the base-change of C
l
m·l,Rl
via the morphism Spec(K) →
Spec(R∞). In particular, we obtain an abelian covering (C
l
m·l,K , [l]Cm,K ) of C
1
m,K
over K defined as the base-change of [l]Cm,R∞ . Then, the pull-back [l]
∗
Cm,K
(F)♥
of any GLn-do’per F
♥ on C1m,K is ⊛-ordinary.
Proof. By Proposition 2.5.2 (i), Op
Zzz...
GLn,1,m ×M1,m,vR1
Spec(R1) is isomorphic to
a disjoint union of finite copies of Spec(R1). Hence, there exists a morphism
v˜R1 : Spec(R1) → Op
Zzz...
GLn,1,m whose composite with Spec(K) → Spec(R1)
coincides with the classifying morphism of F♥. If F♥R1 denotes the GLn-
do’per on C1m,R1 , then its pull-back via C
C1m,R1
-log
m,R∞
→ C
C1m,R1
-log
m,R1
(resp., the com-
posite C logm·l,R∞
[l]logCm,R∞→ C
C1m,R1
-log
m,R∞
→ C
C1m,R1
-log
m,R1
) forms a GLn-do’per F
♥
m,Rlog∞
on the log-curve C
C1m,R1
-log
m,R∞
/Spec(R∞)
log (resp., a GLn-do’per F
♥
m·l,Rlog∞
on the
log-curve C logm·l,R∞/Spec(R∞)
log). Denote by F♥
m,klog
(resp., F♥
m·l,klog
) the GLn-
do’per on C
C1m-log
m ×kC1m-log k
log/klog (resp., C
Clm·l-log
m·l ×kC
l
m·l
-log k
log/klog) defined
as the restriction of F♥
m,Rlog∞
(resp., F♥
m·l,Rlog∞
) to the special fiber. Since the
generic fiber of F♥
m·l,Rlog∞
is isomorphic to [l]∗Cm,K (F)
♥, it suffices (by Corollary
2.5.3) to verify the ⊛-ordinariness of F♥
m·l,klog
. To this end, we first observe
from Lemma 4.1.1 that for each j ∈ {1, · · · , m · l}, the restriction Fm,klog|
♥
Psj
of F♥
m,klog
to P
C1m-log
sj ×kC1m-log k
log/klog may be identified with a GLn-do’per
on P
P
3pt
m,j-log
sj × k
log/klog via Φ1m,sj × idklog (cf. (95)). By Proposition 3.3.1,
the pull-back π∗(Fm,klog|Psj )
♥ via πlog of this GLn-do’per is ⊛-ordinary. By
Lemma 4.1.1 again, this pull-back may be identified with a GLn-do’per on
P
Clm·l-log
j ×kC
l
m·l
-log k
log/klog, which is isomorphic to the restriction of F♥
m·l,klog
.
Thus, it follows from Proposition 2.6.1 that F♥
m·l,klog
is ⊛-ordinary. This com-
pletes the proof of Proposition 4.2.2. 
4.3. The proof of Theorem B. This subsection is devoted to prove Theorem
B. Let G be a finite abelian group with p ∤ ♯(G).
Definition 4.3.1.
Let S be a scheme over k and X := (X/S, {σi}i) a pointed proper smooth
curve over S. We shall say that X is ⊛n,G-ordinary if for any ⊛-ordinary
GLn-do’per F
♥ on X and any abelian covering (Y, w, v) of X with Galois
group Gal(Y/X) ∼= G such that v is e´tale, the pull-back w∗(F)♥ is ⊛-ordinary.
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Denote by
(111) ⊛Mg,r,n,G
the substack of Mg,r classifying ⊛n,G-ordinary pointed proper smooth curves.
The proof of Theorem B reduces to proving the assertion that ⊛Mg,r,n,G is a
dense open substack of Mg,r. Thus, it suffices to prove the following Lemma
4.3.2 and Lemma 4.3.3.
Lemma 4.3.2.
⊛Mg,r,n,G is an open substack of Mg,r
Proof. Denote by Ng,r,n,G the e´tale sheaf on Mg,r associated with the presheaf
which, to any e´tale scheme S over Mg,r classifying a pointed stable curve X,
assigns the set of isomorphism classes of e´tale coverings (Y, w, idS) of X over
S with Galois group Gal(Y/X) ∼= G. Then, Ng,r,n,G may be represented by a
relative finite scheme over Mg,r. The assignment (Y, w, idS) 7→ w
∗(F)♥ defines
a morphism
(112) ξ : Ng,r,n,G ×Mg,r Op
Zzz...
GLn,g,r → Op
Zzz...
GLn,(g−1)·♯(G)+1,r·♯(G).
Recall from Proposition 2.5.1 (i) that ⊛Op
Zzz...
GLn,(g−1)·♯(G)+1,r·♯(G)
is an open sub-
stack of Op
Zzz...
GLn,(g−1)·♯(G)+1,r·♯(G)
, and hence,
(Ng,r,n,G ×Mg,r Op
Zzz...
GLn,g,r) \ ξ
−1(⊛Op
Zzz...
GLn,(g−1)·♯(G)+1,r·♯(G))(113)
is a closed substack of Ng,r,n,G×Mg,r Op
Zzz...
GLn,g,r. On the other hand, the natural
projection
Ng,r,n,G ×Mg,r Op
Zzz...
GLn,g,r →Mg,r.(114)
is proper since both Ng,r,n,G/Mg,r and Op
Zzz...
GLn,g,r/Mg,r are proper (cf. [23], The-
orem C). Hence, ⊛Mg,r,n,G, which coincides with the complement of the image
of (113) via (114), is open in Mg,r, as desired. 
Lemma 4.3.3.
Any geometric generic point Spec(L)→Mg,r (where L denotes an algebraically
closed field over k) of Mg,r lies in
⊛Mg,r,n,G.
Proof. Denote by CL := (CL/L, {σL,i}
r
i=1) the pointed proper smooth curve
classified by the point Spec(L) → Mg,r. Let F
♥ be a GLn-do’per on CL and
(C′L, wL) (where C
′
L := (C
′
L/L, {σ
′
L,i}i)) an abelian covering of CL over L with
Galois group Gal(C′L/CL)
∼= G. What we have to prove is that w∗L(F)
♥ is
⊛-ordinary. (Here, since there is no nontrivial e´tale covering of the projective
line over L, we only consider the case where g ≥ 1.)
First, we shall consider the case where g = 1. We may assume, without loss of
generality, that L = K and r = m as in § 4.2 (hence, CK is isomorphic to C
1
m,K).
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One may find an e´tale covering w′K : Cm,K → C
′ such that wK ◦ w
′
K = [l]Cm,K
for some positive integer l prime to p. By Theorem A, the proof reduces to
proving that [l]∗Cm,K (F)
♥ is ⊛-ordinary. Hence, the assertion follows follows
from Proposition 4.2.2. (Moreover, by combining with Theorem A, it holds
that CK is ⊛n,G′-ordinary for any quotient group G
′ of G. Thus, it follows from
Lemma 4.3.2 that any general pointed proper smooth curve is ⊛n,G′-ordinary.)
Next, we consider the case g ≥ 2. Let Ck := (Ck/k, {σk,i}
r
i=1) be a pointed
stable curve of type (g, r) over k obtained (from the argument in § 2.6) by
gluing together g pointed elliptic curves Ck,j := (Ck,j/k, {σk,j,i}i) (by means
of a certain clutching data) in such a way that the dual graph of Ck is tree.
By the above discussion, one may find such a curve Ck satisfying furthermore
that each Ck,j is ⊛n,G′-ordinary for any quotient group G
′ of G. After possibly
replacing L with its extension field, there exist an inclusion R →֒ L (over k),
where R := k[[t1, · · · , tm]] (for some m), and a pointed stable curve
CR := (CR/R, {σR,i}
r
i=1)(115)
over R of type (g, r) satisfying the following properties:
• If s denotes the closed point of Spec(R), then the fiber of CR over s is
isomorphic to Ck;
• If η denotes the geometric generic point Spec(L) → Spec(R) corre-
sponding to the inclusion R →֒ L, then fiber of CR over η is isomorphic
to CL.
One verifies from the definition of CR that there exists a Galois covering wR :
C ′R → CR over R whose base-change via η coincides with wL : C
′
L → CL.
(Indeed, the natural map πe´t1 (CL)→ π
e´t
1 (CR) between e´tale fundamental groups
is bijective after taking maximal abelian pro-prime-to-p quotient.) One may
find a set of marked points {σ′R,i}i of C
′
R for which C
′
R := (C
′
R/R, {σ
′
R,i}i) forms
a pointed stable curve over R and (C′L, wL) extends to an e´tale covering (C
′
R, wR)
of CR. The special fiber C
′
k := (C
′
R×R,s k, {σ
′
R,i× idk}i) of C
′
R may be obtained
by gluing together some pointed proper smooth curves C′k,j (j = 1, 2, · · · ). For
each j, the fiber (C′k, wk) of (C
′
R, wR) over s restricts to an abelian e´tale covering
(C′k,j, wk,j) of Ck,sj with Galois group Gj (where sj ∈ {1, · · · , g} and Gj denotes
some quotient group of G). Here, observe that since Op
Zzz...
GLn,g,r is finite and
generically e´tale over Mg,r, there exists a GLn-do’per F
♥
R on CR which restricts
to F♥. By the condition on each Ck,j assumed earlier, the restrictions F|
♥
Ck,sj
of F♥ to Ck,sj , as well as its pull-back via wk,j, is ⊛-ordinary. Hence, it follows
from Proposition 2.6.1 that w∗k(F)
♥ is ⊛-ordinary. Finally, by Corollary 2.5.3,
w∗L(F)
♥ is ⊛-ordinary, and hence, we complete the proof of Lemma 4.3.3. 
In particular, we have completed the proof of Theorem B.
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5. Ordinariness for a semisimple Lie algebra g
As shown in Proposition 2.5.1 (or Proposition 2.5.2, (i)), the ordinariness, as
well as the ⊛-ordinariness, of GLn-do’pers is closely related to the unramified-
ness of the moduli stack Op
Zzz...
sln,g,r
at their classifying morphisms. In a similar
vein, one may define the ordinariness of dormant g-opers for a certain class of
semisimple Lie algebras g and consider the sorts of problems discussed before
for dormant g-opers.
5.1. For example, let g be a semisimple Lie algebra over k whose rank is, in a
certain sense (cf. the conditions (Char)0 and (Char)
W
p described in [23], § 2.1),
sufficiently small relative to the characteristic p of k. Once we fix a certain
collection of data concerning such a g (e.g., a choice of an sl2-triple sl2 →֒ g and
a pinning that are compatible in a certain sense (cf. [23], § 2.1)), it makes sense
to speak about the notion of a dormant g-oper on a pointed stable curve. In
the following, when we mention a semisimple g, we always assume that such a
collection of data have been chosen. Roughly speaking, a dormant g-oper on a
pointed stable curve X := (X/S, {σi}i) is a pair E
♠ := (E ,∇E) consisting of an
Aut0(g)-torsor E over X (where Aut0(g) denotes the identity component of the
group of Lie algebra automorphisms of g) and an (integrable) S-log connection
∇E on E satisfying certain conditions, including vanishing p-curvature. We
refer to [23], Definition 2.2.1, and Definition 3.6.1, for the precise definition of
a dormant g-oper. As in the previous discussion, we shall abbreviate a dormant
g-oper to a g-do’per. If, moreover, (Y, w, v) is an e´tale covering of X, then by
pulling-back the data in E♠ via w, one may obtain a g-do’per w∗(E)♠ on Y,
which we refer to as the pull-back of E♠.
Denote by Op
Zzz...
g,g,r the moduli stack classifying pairs (X, E
♠) consisting of a
pointed stable curve of type (g, r) over k and a g-do’per E♠ on it. By forgetting
the data of a g-do’per, we have a morphism Op
Zzz...
g,g,r →Mg,r. Denote by
⊚Op
Zzz...
g,g,r(116)
the unramified (equivalently, e´tale, due to [23], Corollary 5.12.2) locus ofOp
Zzz...
g,g,r
over Mg,r; it forms a possibly empty open substack of Op
Zzz...
g,g,r .
Definition 5.1.1.
Let X be a pointed stable curve over a k-scheme S of type (g, r). We shall
say that a g-do’per E♠ on X is ⊛g-ordinary if its classifying map S → Op
Zzz...
g,g,r
factors through the open immersion ⊚Op
Zzz...
g,g,r →֒ Op
Zzz...
g,g,r .
The notion of ⊛sln-ordinariness is, via the isomorphism (50), equivalent to
the ⊛-ordinariness of GLn-do’pers discussed so far. More precisely, let F
♥
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be a GLn-do’per and denote by E
♠ the sln-do’per associated with F
♥. Then,
it follows from the equivalence (i) ⇔ (iii) in Proposition 2.5.1 that F♥ is ⊛-
ordinary if and only if E♠ is ⊛sln-ordinary. The result described in Theorem B
generalizes to some g. In fact, we shall consider simple Lie algebras g introduced
in the following definition.
Definition 5.1.2.
We shall say that g is admissibly of classical type A if g is isomorphic to
either sln (for n < p), so2n+1 (for n <
p−1
2
), or sp2n (for n <
p
2
).
If g is admissibly of classical type A, then the locus ⊚Op
Zzz...
g,g,r is dense and
open in each irreducible component of Op
Zzz...
g,g,r that dominates Mg,r (cf. [23],
Theorem F), as in the case of sln (cf. Proposition 2.5.2 (i)). Moreover, note
that one may find an embedding g→ slm (for some m ≤ p− 1) that preserves
the respective pinnings and sl2-triples (cf. [23], § 7.9). This embedding yields
a closed immersion
ιg→slm : Op
Zzz...
g,g,r → Op
Zzz...
slm,g,r(117)
over Mg,r.
Proposition 5.1.3.
Let X be a pointed stable curve over a k-scheme of type (g, r) and E♠ a g-do’per
on X. Denote by E♠slm the slm-do’per on X classified by the composite ιg→slm ◦s :
S → Op
Zzz...
slm,g,r
, where s denotes the classifying morphism s : S → Op
Zzz...
g,g,r of E
♠.
Suppose that E♠slm is ⊛slm-ordinary. Then, E
♠ is ⊛g-ordinary.
Proof. The assertion follows from the observation that Op
Zzz...
g,g,r is unramified
(relative to Mg,r) at the point s since ιg→slm is a closed immersion and Op
Zzz...
slm,g,r
is unramified at the point s ◦ ιg→slm . 
By means of the above proposition, we have the following generalization of
Theorem B.
Theorem 5.1.4.
Let g be a semisimple Lie algebra over k which is admissibly of classical type
A, X a pointed proper smooth curve of type (g, r) over k, (Y, w, idk) an abelian
covering of X over k, and E♠ a g-do’per on X. Suppose the following conditions:
(i) E♠ is ⊛g-ordinary.
(ii) (Y, w, idk) is abelian with p ∤ ♯(Gal(Y/X));
(iii) X is general in the moduli stack Mg,r;
Then, the pull-back w∗(E)♠ is ⊛g-ordinary.
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Proof. By Theorem B (and the discussion following Definition 5.1.1), the pull-
back (via w) of the slm-do’per E
♠
slm
associated (via ιg→slm) with E
♠ is ⊛slm-
ordinary. But, since this slm-do’per on Y is isomorphic to the slm-do’per
associated (via ιg→slm) with the g-do’per w
∗(E)♠, Proposition 5.1.3 implies
that w∗(E)♠ is ⊛g-ordinary. 
5.2. We shall conclude the paper with the study of a relationship between
⊛sl2-ordinariness and ⊛g-ordinariness.
Definition 5.2.1.
We shall say that a pointed stable curve X over a k-scheme S is ⊛g-ordinary
if for any S-scheme T , any g-do’per on the base-change of X over T is ⊛g-
ordinary.
Denote by ⊛Mg,g,r the substack of Mg,r classifying ⊛g-ordinary curves. One
verifies that ⊛Mg,g,r coincides with the complement of the image, via the for-
getting map Op
Zzz...
g,g,r → Mg,r (which is proper), of the complement of
⊛Op
Zzz...
g,g,r
in Op
Zzz...
g,g,r . In particular,
⊛Mg,g,r is a possibly empty open substack of Mg,r.
Then, one may prove the following proposition.
Theorem 5.2.2.
⊛Mg,g,r is an open substack of
⊛Msl2,g,r. If, moreover, r = 0, then
⊛Mg,g,0 (and
hence, ⊛Msl2,g,r) is a dense open substack of Mg,0.
Proof. The former assertion follows from the fact that the image of Op
Zzz...
sl2,g,r
\
⊛Op
Zzz...
sl2,g,r
via the closed immersion Op
Zzz...
sl2,g,r
→ Op
Zzz...
g,g,r discussed in [23], (134)
and Corollary 2.7.6 (i), is contained in Op
Zzz...
g,g,r \
⊛Op
Zzz...
g,g,r . The latter assertion
follows from [23], Theorem C (ii) (and the former assertion). 
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